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aw`w~w~vQk m`n 
 

 
ap qQg mnQn~@n~ vkYyk~ qQ@g~ y. l]& @qkk~ awr qEr ynE q ym| vkYyk~ qQ@g~ m#@nn qQgk~ @vyQ. l]& 
@qkk~ awr qEr @ktQm vn~@n~ srl @r~K`vk~ qQ@g~ y. qQg ynE w`w~w~vQk y#yQ kQy#@vn sAK&`vkQn~ 
nQr$pNy vn~nkQ. x a]y @ls a]yk~ nm|kQrW@mn~ psEv mRl@yhQ sQt qkONt pQhQtQ l]& mRl@yhQ sQt e~ 
l]&vlt a#wQ qErt sm`n vR sAK&`vlQn~ q, vmt pQhQtQ l]& mRl@yhQ sQt e~ l]&vlt a#wQ qErt sm`n 
sAK&`vk s^N ag@yn~ q nQr$pNy @k@ryQ. x a]yt lm|b v mRly os~@s~ yn y a]yk~ g#nW@mn~ 
ww~w~v@yhQ s#lkQy yEwO @vnsk~ sQqE @n` @vyQ. qkON h` vm @vnEvt ehQ qW apt ud h` phw ynE@vn~ vR 
axQqQX` @qkk~ a#w. ud p#w~w {n @ls q phw p#w~w s^N @ls q s`m`n& sm|mEwQ@yn~ g#@nyQ.  
 
e@hw~ @my sm|mEwQyk~ pmNk~ bv apt amwk @vyQ. x a]y h` y a]y @vn @vn m pvwQn a] @qkk~ 
@ls g#nW@mn~ apt ev#nQ ww~w~vyk~ uq`kr gw h#kQ y. @m| a] @qk ekQ@nk smg ym| a`k`ryk 
sm|bn~{w`vkQn~ b#[W a#w#yQ sQwmE. a] @q@khQ s~v`{Wnw~vy n#wQ@k@rn~@n~ a] awr ym| sm|bn~{w`vk~ 
a#wQ @krW@mn~ y. a] @qk ekt @gn ek~ a]yk~ w`w~w~vQk (real) a]y @ls q, a@nk~ a]y 
aw`w~w~vQk (imaginary) a]y @ls q g#nW@mn~ apt a] @q@kn~ nQr~Nyvn wl@yhQ sAkWr~N 
sAK&`vk~ nQr$pNy kLh#kQ y. @my a`gn~d| sth@nhQ pqnm @vyQ. 
 
klQn~ s[hn~kr a#wQ a`k`ryt evQt aw`w~w~vQk sAK&`vkQn~ gONkQrWm ym| @r~K` KN~dyk~ s^jE @k`~NykQn~ 
v`m`vr~wv krk#vWmk~ @ls s#lkQy h#kQ y. ym| sAK&`vk~ aw`w~w~vQk sAK&`vkQn~ gONkr l#@bn 
pYwQPly n#vww~ aw`w~w~vQk sAK&`vkQn~ gONkQrWm mEl~ sAK&`v s^N sAK&`vkQn~ gONkQrWmt sm`nvn bv 
apQ qnQmE. e~ bv a`gn~d| sth@nn~ q p#h#qQlQ @vyQ.  
 
q#n~ pYX~ny vnE@y~ qW a#wQ wlyk ekQ@nkt lm|b vR a] @qkkQn~ kQnm| a]yk~ w`w~w~vQk a]y @ls 
gn~@n~ q yn~nw~ kQnm| a]yk~ aw`w~w~vQk a]y @ls gn~@n~ q yn~nw~ y. kQnm| a]yk~ vEv q 
w`w~w~vQk a]y @ls gwh#kQ y yn~n e~ pYX~nyt qQyh#kQ pQLQwOr @vyQ. o|n$m a]yk~ w`w~w~vQk a]y 
@ls gw~kl eyt lm|b a]y aw`w~w~vQk a]y @vyQ. ehQ g#tUvk~ wQbQy h#kQ @n` @vyQ. sQyl~l 
sm|mEwQyk~ pmN y. sm|mEwQ@yn~ ek~ a]yk~ w`w~w~vQk a]y bvt q eyt lm|b a]y aw`w~w~vQk a]y 
bvt q pw~@vyQ. 
 
@my wvqErtw~ p#h#qQlQ krg#nWm s[h` a]yk {n h` s^N sAK&` nQr$pNy krn a`k`ry vQms` blmE. 
apQ s`m`n&@yn~ a]yk mRl l]&y @w`~r`g#nW@mn~ psEv e~ l]&@yn~ qkONEps {n @ls q vm|ps s^N 
@ls q gnQmE. @m| @w`~r`g#nWm vEv q s`@p~] bv apt @b`@h ~̀ vQt @n` v#t@hyQ. a]yk n#w~nm| @r~K`vk 
qkONEps yn~@nn~ aqhs~ krn~@n~ kOmk~ q? ap iqQrQps a#wQ @r~K`vk qkONEps ynE a@p~ qkONE aw p#w~wt 
n#w~nm| axQqQX`vt vR @k`ts y. q#n~ srl @r~K`vk~ m#qQn~ wb`@gn @q@qnkO @qp#w~@w~ sQtQn~@n~ y#yQ 
sQwmE. in~ ek~ aykO@g~ qkONEps a@nk~ ay@g~ vm|ps vn bv p#h#qQlQ y. ek~ aykO wm`@g~ qkONEpst a#wQ 
@r~K` KN~dy  {n @ls lkONE kL@h`w~ a@nk~ ay e~ @r~K` KN~dy s^N @ls lkONE kryQ. eyt @h~wOv 
aq`L @r~K` KN~dy a@nk~ ay@g~ vm|pst pQhQt` wQbWm y. ek~ aykO {n y#yQ gn~n` axQqQX`v wvw~ aykO 
vQsQn~ s^N @ls gnE l#bQy h#kQ y.  
 
a`gn~d| sth@nhQ q sQqEvn~@n~ ev#n~nkQ. ym| aykO w`w~w~vQk a]y @ls gn~@n~ wm` iqQrQpQt a#wQ vm|ps 
sQt qkONEpst qQ@vn @r~K`vkQ. ehQ mRl@y~ sQt vm| awt a#wQ @r~K` KN~d@yn~ s^N sAK&` q qkONEpst a#wQ 
@r~K` KN~d@yn~ {n sAK&` q nQr$pNyvn~@n~ y#yQ gnE l#@byQ. wvw~ aykO e~ @r~K`vt lm|b vR @r~K`vk~ 
wm`@g~ vm|ps sQt qkONEpst qQ@vn @r~K`v @ls gn~nv` vQy h#kQ y. evQt e~ w#n#w~w` wm w`w~w~vQk 
a]y @ls gn~@n~ e~ lm|b @r~K`v y. e~ @r~K`v mEl~ w#n#w~w`@g~ aw`w~w~vQk a]y @vyQ. 
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w`w~w~vQk a]y @ls gw~w q aw`w~w~vQk a]y @ls gw~w q, mRl@y~ sQt a]@y~ a#wQ o|n$m l]&ykt 
a#wQ qEr mQnEmk~ @ls gw~kl {n @vyQ. aq`L l]&@yn~ w`w~w~vQk sAK&`vk~ nQr$pNy vEv q aw`w~w~vQk 
sAK&`vk~ nQr$pNy vEv q e~ l]&yt mRl@y~ sQt a#wQ qEr {n @vyQ. @my w`w~w~vQk h` aw`w~w~vQk 
a]vlt pmNk~ sWm`vR gONyk~ @n` @vyQ. a`gn~d| sth@nhQ o|n$m sAkWr~N sAK&` @qkk~ nQr$pNykrn 
l]& @qkk~ awr qEr {n @vyQ. eyt @h~wOv klQn~ s[hn~kr a#wQ a`k`ryt qEr ynR m#@nn~nk~ @ls 
g#nWm y. s^N qErk~ g#n q kw`kL h#kQ y. @k`LB sQt g`l~lt yn gmnk qW ym| aykO wm` s^N 
kQ@l`~mWtr qhyk~ qEr @gv` a#w#yQ kQv@h`w~ in~ kQy#@vn~@n~ ohE @k`LB sQt g`l~lt vQr#q~{ awt 
kQ@l`~mQtr qhyk~ @g`s~ a#wQ bv y. e~ vQr#q~{ awt @g`s~ a#wQ qEr q m#@nn~@n~ {n kQ@l`~mWtr @ls bv 
amwk @n`kL yEwO y.  
 
@myQn~ p#h#qQlQvn~@n~ kOmk~ q? ap e~km`nyt pmNk~ sWm`vEv@h`w~ ehQ apt l] ann~wyk~ ek~ vkYyk~ 
qQ@g~ lb`gw h#kQ @vyQ. (@m| vkYy srl @r~K`vk~ m vQy yEwO @n` @vyQ.) ehQ mRl l]&yk~ @w ~̀r`g#nW@mn~ 
psEv e~ l]&@yn~ qkONEpst vR l]&vlQn~ {n sAK&` q vm|pst vR l]&vlQn~ s^N sAK&` q 
nQr$pNy@k@ryQ. e~k m`n@yhQ aw`w~w~vQk sAK&`vk~ nQr$pNy kLh#kQ @n` @vyQ. e@hw~ q~vQm`n@y~ qW 
sEqEsE mRlyk~ @w ~̀r~g#nW@mn~ psE ek~ srl @r~K`vkQn~ w`w~w~vQk sAK&` q eyt lm|b vR @r~K`vkQn~ 
aw`w~w~vQk sAK&` q nQr$pNy kLh#kQ @vyQ. pYxQn~n sAK&` @qkkQn~ nQr$pNyvn l]& @qkk~ awr a#wQ 
qEr s$mvQtm {n @vyQ.  
 
q#n~ apt pYX~n a#sQy h#kQ y. nv q#nEm nQr~m`nykrn ek~ kYmyk~ vnE@y~ pYX~n a#sWm h` e~ pYX~nvlt 
pQLQwOr# lb`qWm y. apt pLmE@vn~ m q~vQm`n@y~ pYX~nyk~ a#sQy h#kQ y. a`gn~d| sth@nhQ ap slkn~@n~ 
ekQ@nkt lm|b vR srl @r~K` @qkkQ. in~ ek~ srl @r~K`vk~ w`w~w~vQk a]y @ls q a@nk~ srl @r~K`v 
aw`w~w~vQk a]y @ls q gnE l#@byQ. e@hw~ e~km`n@yhQ qW apt sAK&` nQr#pnykQrW@m| qW srl @r~K`vk~m 
avX& @n` @vyQ. ehQ qW apt o|n$m vkYyk~ pYm`Nvw~ @vyQ. e@lsQn~ q~vQm`n@yhQ q srl @r~K` @n`vn vkY 
mgQn~ aw`w~w~vQk sAK&` q enyQn~ sAkQr~N sAK&` q nQr$pNy kLh#kQ q?    
 
mRl{r~myk~ @ls gw~kl ey @n`kL h#kQ @qyk~ @n`@v| y#yQ sQ@wyQ. gNQw@yhQ pYlm|b (orthogonal) vkY 
nmQn~ vkY kOlk @vyQ. ekQ@nkt pYlm|b vR vkY kOlk @qkkQn~ ekk o|n$m vkYyk~ a@nk~ vkY kOlk@yhQ 
o|n$m vkYyk~ pYlm|b v @CqnykryQ. ehQ @w~r#m nm| e~ @Cqnyvn vkY @qkt @Cqk l]&@yhQ qW a[QnE 
lbn s~pr~Xk @qk ekQ@nkt lm|b bv y. ap qn~n` k`tWsWy KN~d`] h` eyt sm`n~wr @r~K`, enm| x 
a]y h` eyt sm`n~wr @r~K` q y a]y h` eyt sm`n~wr @r~K` q pYlm|b vkY kOlk @qkk~ @vyQ.  
p#h#qQlQv m ek~ vkY kOlkyk o|n$m vkYyk~ a@nk~ vkY kOlk@yhQ o|n$m vkYyk~ pYlm|bv @Cqny kryQ. e~ 
x a]y h` eyt sm`n~wr o|n$m @r~K`vk~ y a]y h` eyt sm`n~wr o|n$m @r~K`vk~  pYlm|bv @Cqny 
krn b#vQn~ y.     
 
mRly @k~n~qYy krgw~ v^w~w kOlky h` mRly os~@s~ yn srl @r~K` kOlky wvw~ pYlm|b vkY kOlk @qkk~ 
@vyQ. mRly os~@s~ yn o|n$m srl @r~K`vk~ mRly @k~n~qYy krgw~ o|n$m v^w~wyk~ pYlm|bv @Cqny krn 
bv phsE@vn~ m s`{ny kL h#kQ y. v^w~wykt l]&yk qW a[QnE lbn s~pr~Xky e~ l]&y os~@s~ yn 
aryt lm|bvn bv apQ qnQmE. ihw kW a`k`r@y~ v^w~wyk~  r = c  smWkrN@yn~ q,  srl @r~K`vk~ θ = k 
sm|krN@yn~ q @qnE l#@byQ; @mhQ c h` k ynE pr`mQwQ @vyQ. a@p~ pYX~ny vnE@y~ r mgQn~ w`w~w~vQk @h`~ 
aw`w~w~vQk @h ~̀ sAK&`vk~ q, θ mgQn~ aw`w~w~vQk @h ~̀ w`w~w~vQk @h`~ sAK&`vk~ nQr$pNy kQrWmt h#kQ q 
yn~n y. @m| pYwQPly @vnw~ pYlm|b vkYvlt q vlAgOvn~@n~ q#yQ vQmsWm a@p~ armEN @vyQ. 
          
q~vQm`n@yn~ wYQm`nyt y$@m| qW pYX~ny s`{`rNykrn~@n~ @k@s~ q? apt ek~ a]yk~ w`w~w~vQk a]y @ls 
q wvw~ a]yk~ aw`w~w~vQk a]y @ls q gwh#kQ y. evQt wOn~v#nQ a]y g#n kQvh#k~@k~ kOmk~ q? ey 
w`w~w~vQk q n#w~nm| aw`w~w~vQk q? h#mQl~tn~ nm| gNQwZy` @m| pYX~ny g#n q wm sQw @y`mE @k@L~ y. 
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ohEt @pnWgQy kr#N vR@y~ a] wOnk~ pmNk~ @gn pYX~nyt vQs[Emk~ qQy @n`h#kQ bv y. sAkWr~N sAK&` 
s`{`rNykQrWm s[h` a] hwrk~, enm| m`n hwrk~ avX& b#v| ohE wWrNy @k@L~ y.  
 
h#mQl~tn~ pVQvry`t wYQm`ny ik~mv` cwOr~m`nyt y$mt sQqEvR@y~ kQnm| kr#NE @h~wO nQs` q#yQ ap @w~r#m|gw 
yEwO y. cwOr~m`n@y~ iqQrQpw~@kr#NE sAK&`vlt cwO;~t (quaternions) y#yQ kQynE l#@byQ. cwO;~tyk m`n 
wOnk~ m aw`w~w~vQk vn awr ek~ m`nyk~ pmNk~ w`w~w~vQk @vyQ. enm| a] wOnk~ qQ@g~ pQhQtQ l]&vlQn~ 
aw`w~w~vQk sAK&` nQr$pNy @k@rn awr ek~ a]yk pQhQtQ l]&vlQn~ pmNk~ w`w~w~vQk sAK&` 
nQr$pNy @k@ryQ.  
 
@mhQ qW wvw~ amwr kr#NE q h#mQl~tn~ pVQvry` vQsQn~ upkl~pny @krQNQ. ohEt anEv aw`w~w~vQk a]   
                                                                                                    2        2        2 

wOn qQ@g~ aw`w~w~vQk sAK&` vr~g wOnk~ @vyQ. e~ sAK&` i, j, k @ls q#k~@vyQ; @mhQ i  = j  = k  = -1 vn 
awr ij = k, jk = i, ki = j @vyQ.  e@mn~ m ji = -k,  kj= -i  h` ik= -j  @vyQ. @m| sAK&` wOn gONQw@y~ qW 
ev#nQ a`k`rykt h#sQ@rn~@n~ a#yQ q yn~n pQLQb[ p#h#qQlQ @x_wQk @h~wOvk~ qQy @n`h#kQ vEv q cwO;~t q 
bthQr @x_wQk vQq&`vt v#qgw~ @vyQ. e~ awr apt a#sWmt h#kQ wvw~ pYX~nyk~ nm| m`n hwrt v#dQ vR vQt 
aw`w~w~vQk sAK&` g#n kOmk~ kQvh#kQ q yn~n y.   
 
mh`c`r~y nlQn~ q sQl~v` 
 
 
 
 
 
 


